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Abstract 
In this paper, we prove that there are not two directed column- or row-convex polyominoes 
having the same vertical and horizontal projections (V,Z-Z). Therefore, every subclass of these 
polyominoes is defined by their orthogonal projections. We consider the enumeration of these 
subclasses according to the number of their columns and rows. 
1. Introduction 
A cell is a unitary square [i,i + l] x [j,j + 11, where i and j are integers. A poly- 
omino is a connected finite set of adjacent cells lying two by two along a side. A 
polyomino is defined up to a translation. The ith column projection and the jth row 
projection of a polyomino A are the number of cells in the ith column and jth row of 
A. respectively. The reconstruction of a polyomino n from its orthogonal projections 
(V,H) consists in determining a polyomino n whose ith column projection and jth row 
projection are equal iG t’; and hi, respectively, and in which V = (VI, ~2,. . , II,) E N” 
and H = (h,,h2, . . . , hk) E Nk are Wo assigned vectors. Here N denotes the strictly 
positive natural numbers. Several authors [l, 5,7,10,12,14] have studied the theory of 
reconstructing bidimensional discrete objects from their projections and have developed 
various algorithms for determining A starting out from (V, H). The main difficulty in- 
volved in reconstructing a polyomino n starting out from its orthogonal projections 
(V,H) is the “ambiguity” deriving from the fact that, in some cases, many different 
polyominoes have the same projections (V, H). We determine some classes of poly- 
ominoes for which ambiguity does not arise. The polyominoes in these classes are 
characterized by their vertical and horizontal projections. Moreover, we present a cen- 
sus of enumerative results for these classes of polyominoes which have n columns and 
k rows and we illustrate these results under a common perspective. 
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2. Preliminaries 
We define the column (row) of a polyomino as the intersection between the poly- 
omino itself and an infinite vertical strip [i,i + l] x R (horizontal stip R x [i,i + 11) 
where i E N U (0). A polyomino is column-convex (row-convex, convex) if all its 
columns (rows, columns and rows) are connected. A directed polyomino is obtained 
by starting out from a cell called source and by adding some other cells in two pre- 
determined irections, such as east and north, that is, to the right of, or over, the 
existing cells. A directed column-convex (directed row-convex, directed convex) poly- 
omino is a directed polyomino having connected columns (rows, columns and rows). 
A wall polyomino is a column-convex polyomino whose columns are joined in such 
a way that their lower borders are aligned. Let P &? B convex polyomino and R the 
smallest rectangle containing it. Let [N,N’] ([W, W’], [S,S’], [E,E’]) be the intersection 
of P’s border with the upper side (left, lower, right) of R (see Fig. 1) A parallelogram 
polyomino is a convex polyomino such that S E W’ and N f E’. A stack polyomino 
is a convex polyomino such that S G W’ and S’ 3 E. A Ferrers diagram is a convex 
polyomino such that W’ = S, St - E and Et = N. Directed convex polyominoes cctn 
also be defined as convex polyominoes uch that S E W’. 
Notations. By 9VG9 (%@U) we indicate the class of directed column-convex (row- 
convex) polyominoes. 
We introduce the concept of satisjiability, which allows us to formulate the problm 
of reconstructing polyominoes from their projections. 
De&Son 1. Let V = (~)~,v~,...,v,)E kJ” and H = (h,hz,...,h)E &JR be two as- 
signed vectors such that: 
0 Vi E [l..?Z] l<Vi<k, 
0 Vj E [l..k] l<hi<n, 
l xi”=* Vi = x;=l hi* 
The pair (KH) is said to be satisjiabk in tk ciass of polyominoas I ib them is 
at least one polyomino ,4 E 8, such that its ith column prc@&k~~ ilrld i& jth row 
projection are equal to vi and hi, respectively, for i * I,??,. . .,n and j = 1,2,. . . ,k. 
We also say that n satisfies (Y,H) in 9. 
Consequently, if a polyomino A satisfies a pair (V,H) having Y E Nn and H E &I’, 
then -4 is contained in a size n x k rectangle R (see Fig. 2). 
Problem 1. Two vectors V E iY” and H E Nk having been assigned, find out if (V,ri) 
is satisjable in a class of polyominoes 9, and determine the number of polyominoes 
in 9’ that satisfy it. 
Example 1. V = (4,3,4,3,2), H = (I,+ 5,5,1). The polyorninoes in Fig. 2 satisfy 
( V, H) in the class of convex polyominoes and are contained in a size 5 x 5 rectangle. 
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Fig. 2 Convex polyominoes that satisfy (V,H). 
3. Polyomino@ &dined by their orthogonal projections 
131 
Proposition 1. Let V E N” and HE Mk. There is at most one polyomino that satisfies 
(VJ-2) in %Bf? (ZWSW). 
Proof, If Ai E 9TaUU and if it satisfies (V, H) in 9&?, then it is made up of connected 
colunms whose lengths are equal to the elements in vector V. If we remove the leftmost 
column of A,, then we get a polyomino of B?% again. Let us assume that there are 
two different polyominoes At,& E 9%Bv that satisfy (V, H). The leftmost columns 
of Ai and A2 are equal and, therefore by removing them, we obtain two different 
polyominoes A{, A; E LB%%? that satisfy (V’, H’), where V’ = (~2,. . , II,,) and H’ = 
(hl - L...,h”, - l,hv,+l,..., hk). Hence, by induction Ai = AZ. 0 
Proposition 2. Let V E N” and HE Nk. There is at most one polyomino that satisfies 
(V,H) in TFiF%U&%% 
Proof. From Proposition 1, it follows that there can be at most one polyomino that 
satisfies (V,H) in 9%%? (SW). Let us assume that there are two different poly- 
ominoes: Ai E 94%’ and A2 E TM?% that both satisfy (V, H). The leftmost column 
and the bottom row of At and A2 are connected and their lengths are equal to u1 
and hi. Hence, the lower left hook (leftmost column, bottom row) of Ai and A2 
must be the same for both. If we remove it, then we obtain two different sets A{ 
and A$, that both satisfy (V’, H’), where V’ = (1)~ - 1,. . . , UJ,, - 1, uh,+i, . . . , u,) and 
H’ = (h2 - l)...) h”, - l,hv,+l ,..., hk). If Ai is empty, then (V’, H’) = 8 and so Ai 
is also empty, contrary to the assumption that A{ # Ai. Therefore, let us assume that 
A{ and Ai are not empty. If A), 4 SF@&‘, then there is an integer i < hp - 1 such 
that the ith column of Al, is empty (i.e., ui = 0; see Fig. 3). Since A; is row-convex 
and the number of cells in its first row is h2 - 1, then we have I$ # 0. Consequently, 
A), E S&M’. Analogously, Ai E 95W. Therefore, we have two different polyominoes: 
Al, E .$?F&‘W and Ai E 99W, which satisfy the same pair (V’, H’). Hence, by induction 
A,=A,. 0 
From Proposition 2, it follows that there is at most one polyomino that satisfies 
(V, H) in 9, with 9 C CFifWU9M. For example, directed convex polyominoes, para- 
llelograms, walls, stacks and Ferrers diagrams are all directed column- or row-convex 
polyominoes and therefore they are characterized by their vertical and horizontal 
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Fig. 3. Polyomino A{ obtained from A, by removing its lower letI hook. 
projections (V,H). If B is one of these classes, the number of polyominoes in S 
having n columns and k rows coincides with the number of projections (V, H) satisfi- 
able in 8, with V E IV and HE NR. 
Remark 1. If B is a class of polyominoes, the ratio between the number of poly- 
ominoes in B having n columns and k rows and the number of projections (V,H) 
satisfiable in B, with V E N” and H E Nk, is the average number of polyominoes in 
B having the same vertical and horizontal projections. This is an important parameter 
for the algorithms that reconstruct polyominoes from their projections (V, H). 
4. The enumeration of polyominoes delined by their orthogonal projections 
In this section, we present a census of enumerative results for the classes of poly- 
ominoes which are characterized by their vertical and horizontal projections and which 
have n columns and k rows. We illustrate these results under a common perspective. 
4.1. Directed column-convex polyominoes 
The enumeration of directed column-convex polyominoes according to various pa- 
rameters was studied in [2,6,9,11]. We use the “Temperley methodology” [ 131 for 
establishing a recurrence relation from which we can deduce the number of directed 
column-convex polyominoes having n columns and k rows. 
. . ProposItion 3. The number Vn,k of directed column-convex polyominoes having n 
columns and k rows satisJies the following recurrence relation: 
Vn,k = k 5 Vn-l,j 3 
j=l 
(1) 
with the initial conditions V,,,k = 0, for n < 0 and Vl,k = 1. 
Proof. A polyomino P E _CWW having n columns and k rows is obtained by joining 
a polyomino P’ having n - 1 columns and j rows to a column C of length i, with 
1 <i < k. If i = k, then the number j of P’ rows is such that 1 ,<j,<k and the source 
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of P’ is adjacent o one of the fhst(k - j + 1) cells of C. Conversely, if i < k, then 
the number j of P’ rows is such that k - i + 1 <j < k and the source of P’ is adjacent 
to the (k - j + 1)th cell of C. We therefore have 
v,,,=~(k-j+1)V,-l,j+~~ 5 Vn-l,j, 
j=l i=l j=k-i+l 
and hence ( 1). 0 
By setting r,,$ = i Vn,k, we get 
Vn,k - Vn,k-1 = k Vn-l,k, 
with v,,k = 0, for n<O and V r,k = l/k . Therefore, the generating functions 
Fk(t) = c rn,k t” , 
na2 
satisfy the recurrence 
+ vk-l(t)) , 
where To(t) = 0. Hence by induction, 
k t2 
Vk(f)=~(l-it)(l-(i+l)t)*..(l-kt)* 
But 
(2) 
t2 
[t”l (1 -it)(l -(i+l)t)...(l -kt) 
in which 
1 
“=~~~(l-it)~~~(l-(j-l)t)(l-(j+l)t)...(l_~)’ 
and consequently 
t2 
[‘“l(l-it)(l-(i+l)t)~~*(l-kt) j=i 
= &_ 1 )k-j f+k-i-2 
(j - i)!(k - j)! ’ 
From (2) we get 
Proposition 4. The number Vn,k of directed column-convex polyominoes having n 
columns and k rows is 
j=l i=l (k -j)! (j - i)! ’ 
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4.2. Directed convex, parallelogram, wall, stack polyominoes and Ferrets diagrams 
Proposition 5. The number of parallelogram polyominoes having n columns and k 
rows is 
G,k=n+;_I(n+:-l)(n+;-l) 
and the number of directed convex polyominoes having n columns and k rows is 
The first result is well-known and a proof of it can be found in [3]. The second result 
was obtained by Bousquet-Melou [3] by means of a bijection between directed convex 
polyominoes and Dyck’s bicoloured words that verify three particular conditions. From 
Propositions 4 and 5, we have: 
Proposition 6. The number of directed column- or row-convex polyominoes having n 
columns and k rows is 
Un,k = Vn,k + vk,, - Dn,k . 
The enumeration of stack polyominoes was obtained by Chang and Lin [4] by means 
of a recurrence relation. 
Proposition 7. The generating function of stack polyominoes according to the number 
of their columns and rows is 
xy(l -x1 
Wyy)= (1 _x)2_y 
and the number Tn,k of stack polyominoes having n columns and k rows is 
Tn,k = WY"1 Tk Y) = (“:y). 
The enumeration of wall polyominoes and Ferrers diagrams is obtained by means of 
the following elementary proofs. 
Proposition 8. The number of wall polyominoes having n columns and k rows is 
&k=k”--(k-1)“. 
Proof. The wall polyominoes having n columns and k rows are in bijection with the 
following set: 
Qk = {(v1,v2,..., vn): l<vi<k, Vi E [l..n], and Eli E [l..n] such that Vj = k}. 
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The set of vectors Yk = {(ui,uz,..., u,) : 1 <vi<k, Vi E [l..n]}, is such that Qk = 
Yk\Yk_t, and so we get 
IQ/cl = IY,l - IY/c-11. 
However, IY,l = k”, and thus An,k = IQkl = k” -(k - 1)“. 0 
Proposition 9. The number of Ferrers diagrams having n columns and k rows is 
Fn,k= (n;Fy2). 
Proof. The Ferrers diagrams having n columns and k rows are in bijection with the 
lattice paths from (0,l) to (n - 1, k), having n - 1 horizontal steps and k - 1 vertical 
steps. Hence, the number of these polyominoes is (nl!;‘). 0 
5. Conclusion 
In this paper, we examined some classes of polyominoes defined by their projections 
(V,H). The set of convex polyominoes does not belong to these classes. Example 1 
shows that there can be several different convex polyominoes having the same orthog- 
onal projections. It is shown in [8] that, if n, k E N, there are 21minIn,kl/2J convex 
polyominoes having the same projections (V,H), with V E N” and H E I@. The fol- 
lowing is an open question regarding the ambiguity of convex polyominoes: 
Do any properties exist that are able to characterize convex polyominoes univocally 
determined by their orthogonal projections? 
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